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The theory of solution for quantum field functional equations is developped for a suitable test-
problem of quantum mechanics. In Sect. 1 the functional formulation of the anharmonic oscillator
in its spinorial representation is given, and in Sect. 2 translational equivalent functional equations
are discussed. The expansion of the physical state functionals into series of basefunctionals and
the symmetrical representation of the functional equations for such an expansion is discussed in
Sect. 3. In the following Sect. 4 the special symmetric orthogonal Hermitean functionals are used
and the explicit representation is derived. In Sect. 5 the functionals are approximated by expan-
sions with only a finite number of terms and the resulting equations are prepared for integration
and in Sect. 6 a necessary condition of stationarity is considered. In Sect. 7 the simplest equation
for N=1 is discussed in detail and the lowest eigenvalue is obtained. In the appendices technical

details are derived.

In nonlinear spinor theory the dynamical be-
haviour of elementary particles can be described by
functionals of field operators in a HEISENBERG re-
presentation and corresponding functional equa-
tions 173, To obtain the physical information, it is
necessary to solve the functional equations without
perturbation theory, i.e. for the strong coupling
case. As has been discussed in previous papers for
the investigation of strong coupling functional equa-
tions, the anharmonic oscillator is a suitable test
problem # 476, The general idea for the solution of
such functional equations is the use of an expansion
of the physical functionals into series of suitably
chosen base functionals and to approximate the ex-
act infinite series by series with a finite number of
terms. As has been shown in ¢ and 7 the approxima-
tion procedure can be performed either in a sym-
metrical or in an unsymmetrical functional operator
representation. The unsymmetrical representation
has been discussed in 7. In this paper we investigate
the symmetrical representations. These representa-
tions require functional integrations of base functio-
nals provided by the so-called Friebricus-SuapIro
integration procedure over functional space®. The
general theory requires the proof of convergence
and the explicit calculation of the approximate func-
tionals. Only the second problem is discussed here.
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For having analogy to nonlinear spinor theory we
use the p-¢ representation of the anharmonic oscil-
lator. Additionally this representation is the only
one which preserves formal selfadjointness of the
functional operator. It will be shown that the solu-
tion procedure runs analogous to the unsymmetrical
case. For the lowest approximation numerical values
are given. The value of the symmetrical represen-
tations lies in the fact, that one may hope to prove
convergence. Technical details are given in the ap-
pendices. The use of Hermitean functionals for the
symmetric representation has been first proposed
and investigated by Maisox °. His paper gives a good
complement to the more practical directed investiga-
tions given here.

1. Spinorial Representation of the
Anharmonic Oscillator

Identifying ¢ with v, and p with v, the equations
of motion for the anharmonic oscillator can be writ-
ten according to I

d
ar Wa(® =Bag y5(2) —Ca Dyo 5 (2) w, (1) v, (1)
(1.1)
with the commutation relation

[Wa(t)9Wﬂ(t)]- =Aa/51 (1-2)

¢ D.Maisox and H. Stumer, Z. Naturforsch. 21 a, 1829 [1966],
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where the matrices occuring in (1.1) and (1.2) are

defined by
oo(2. meQ )
C:=((l) 3), D:=((1) 3)

This representation is in complete analogy to the
nonlinear spinor equation of elementary particle
theory with Hermitean field operators 3. As has been
discussed in II, for the field theoretic treatment we
characterize the stationary states of (1.1) by state
functionals

T, () : = (0| T exp{i [ ya(£) ja(é) d€} @) (1.4)

where |o) are the stationary states in ordinary
physical Hilbert space. For the calculation of these
functionals, functional equations can be derived.
Using the procedure outlined in II, app. I, we ob-
tain the equations

d 8 . { s 8
L - e 9
at () ~o/) Cap Dy 8jg(t) 8jy(t) djs(t)

(1.3)

(1.5)
) . .
+ Bog FTAD) — A jp(t)|Z,(j) -

Additionally for the physical functionals the sub-
sidiary condition

PL,0) = [1ad) § 50 @ Tol) = —i 0o T ()
(1.6)

with w,= (E,—E;) has to be satisfied, where E,
are the energy eigenvalues for the states | o). By
(1.5) and (1.6) the physical state functionals should
be characterized independently of the original prob-
lem (1.1) and (1.2) in Hilbert space, i.e. one
should be able to construct the state functionals ex-
plicitly by (1.5) and (1.6). This is the main prob-
lem of the following investigation. Therefore Egs.
(1.5) and (1.6) are the starting point of our con-
siderations.

2. Translational Equivalent Equations

For the purpose of numerical calculation, and as
we shall see later also from general reasons it is
necessary to use instead of (1.5) a suitably linear
combination of the original equation. Doing so, we
have to prove the equivalence of the linear combined
with the original equation. Already in II such a
proof of equivalence has been given for a special
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linear combination. Because we need in our further
investigation more general linear combinations we
give here a more general proof for equivalence too,
showing at the same time the physical reason of
equivalence. Writing the state functional (1.4) in
the explicit form

Ty() = 3 2 f(OIT yu, (£, (80)]

2 2 (2.1)

Ja, (61) .« ja, (§x) d&y ... d&y
a simultaneous translation of all variables
§i=§i,+‘t (2.2)

gives according to properties of the time ordered
products

T (') =exp{iw, 7} T, (j) (2.3)
where j has to be defined by
i (@) :=jE+). (2.4)

On the other hand by a translation of all variables
Eq. (1.5) remains forminvariant, i. e. the transform-
ed equation is just the original one with j replaced
by j'. Therefore its physical solutions do not depend
on the arbitrary parameter ¢, i. e. for any arbitrary
value of the parameter ¢ in (1.5) we obtain the same
solutions. Therefore we are allowed to use instead of
(1.5) a suitably chosen linear combination over ¢
for the calculation of ¥, (j) i. e. a smeared out equa-
tion. As has been shown in II the smearing out pro-
cedure can be effected even by a functional operator
itself without destroying the equivalence. Then it
seems, that one has a large variety of possible com-
binations. But these combinations are restricted by
general requirements. First, as we shall see later,
Eq. (1.5) is a formal Hermitean equation. For the
proof of convergence of our solution procedure this
property may not be destroyed. Therefore we de-
mand

1. The linear combination has to maintain
Hermiticity.

Secondly in the solution procedure given in II for
the unsymmetrical representation, the commutativity
of the equation with the translational operator P is
required. Because we shall apply this procedure in
the symmetrical representation too, we demand
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2. The linear combined equation has to com-
mute with P.

This requirement is by no means trivial, because the
original Eqs. (1.5) does not commute with P. This
indicates that (1.5) contains a larger set of solu-
tions than the physical solutions. Therefore the
smearing out procedure with the requirement 2. can
be considered as a method to select only the physi-
cal solutions of (1.5). Finally we demand

3. The linear combined equation has to be
integrable.

This of course is meant in the light of the integra-
tion procedure developped in II. Choicing the smear-
ing out operator S to be

S(]’ 51 ja]a(t)a(t

we obtain from (1.5) by application of S the equa-

tion
8 [d Y ;
J ity L 0o = Bes] g 24 e
= b 8 é
_j[caﬁ D)’a 6]"1(0 6iﬂ(t) 6]7(t) 6j0(t)
_1ly (_5_- (2) +js(2) L)Jdﬂ )
2 Aot \5j 161 +18(0) G )| 2ol

t)dede’  (2.5)

(2.6)

where we used the fact that according to the struc-
ture of A,s the source function and its differential
operator can be commuted. Observing that only the
commutator

. 757]
[’"(‘)’ 3j5) |-
is unequal zero, while all other commutators vanish,

(2.6) is a formal Hermitean equation. This means,
writing (2.6) in a shorthand-notation

0 (]’ _(%) czo (j)=0

that we have for properly chosen base functionals J,
the relation

=0,50(t—1) 2.7

(2.8)

(-’n]ol-,m):(-,mlol-’n)*- (2-9)

Therefore condition 1. is satisfied. Defining the
translational operator P by

; d o
P:= J]a(t) Ttmdt
one verifies by straight-forward calculation with the

Fourier transforms of (2.8) and (2.6), that P com-
mutes with (2.6). Therefore by the choice of S ac-

(2.10)
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cording to (2.5) the second condition is satisfied
too. Finally in section 5 and 7 we shall see that also
condition 3. is satisfied. In the following investiga-

tion we therefore use instead of (1.5) the combined
Eq. (2.6).

3. Symmetric Functional Representations

For the actual construction of state functionals,
we have to expand them into series of suitably
chosen base functionals and to truncate these series.
This procedure leads to matrix representations of
the functional equations for the calculation of the
expansion coefficients. In the preceding papers we
distinguished between two possibilities of matrix
representations. After substitution of the state func-
tional expansion in the functional equation we pro-
ject in one case this equation on the dual set of base
functionals, in the other case on the original set.
This leads to the unsymmetrical respectively sym-
metrical matrix representations of the functional
equations. In Il we treated the unsymmetrical ver-
sion. In this paper we shall discuss the symmetrical
version. Again we start with the Dyson expansion.
Defining the spinorial Dyson base functionals by

Dy(f:5) s 2 (6. fou (80 (3.1)
“exp{ — 3 [ (&) Fop(§ — 1) jp(n) d& dn}

where Foz(& —%) is the two point function

Fog(§—m) := (0| Twa() ws(m)]0)  (3.2)
we expand &, (j) into a series of Dyson base func-
tionals

T = 3 fon e i)oa (B 5 s s,

(3.3)

For the evaluation of the symmetrical matrix repre-
sentation it is necessary to perform genuine functio-
nal integration between the different base functio-
nals (3.1). This is posible only if we transform the
base functionals into the standard form by a change
in the source functions j,(z). Substituting the trans-
formation

Ja(@) = [Uap(t—§) hy(&) d& (3.4)
in (3.1) and (3.3) where U,(¢; —¢,) is defined by

JUpe(z—1t) Fg(x—y) Upys(y —¢) dzdy
=10,50(—1) (3.5)
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we obtain the expansion
. 3 . &n £ b

To()= 3 [n G otna (G bn)agy. . ag, 3.6)

with the standard Dyson functionals of App. II
a5 h) i P () b (8 (BD)

exp{ — 1 [hZ (§) 4§}

) = .’.Ualﬂl (El )
X Py ﬂ ﬂn) dll dtn

and
Xn (El Ua,.ﬂ,. (En_tn)

(3.8)

jZﬁl g, (21 25) 5hﬂ ) 6hﬂ2 ) dt; dt, T, (k) = jzﬂl FACTERA H 6hﬁ (t)

=5 [ Zha () B, () g0y +

where the coefficient functions are defined by
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The explicit construction of Ug(t; —2,) can be
easily achieved by transforming (3.5) into momen-
tum space. We do not discuss this explicitly because
we shall see later, that one is able to eliminate all
U, in the final equations.

Having transformed the state functionals we have
to do the same procedure with the functional opera-
tors. This gives with (3.4) and the resulting relation

Zhp, (1) = [ Uk (ts— &) 5 0os — Bs | Ui (6 1) &,

Z%lﬁl (tl t2) i = J‘Uﬂ—xé (tl -
Zg,..th (ty..2) := [Usa (8 —

E) Aﬂﬁ Uﬂﬂ. (5_ t2) dE )

The condition of stationarity (1.6) is transformed into

d =
j Uap, (t—12) 5 Ugik (= 1) dt by, (1) 57 (, it dts Ty (B) = —i 0, T, (h).

Further one can show, that for the transformed Eq.
(3.10) the conditions 1. and 2. of section 2 are also
satisfied. So the transition to the standard form does
not disturb the general solution programme. Of
course the condition 3. is also still satisfied.

Using the abbreviations of II section 5 the sym-
metrical version of the theory then is defined by the
matrix representation

(o<}

(2 2 A} (0 =0

=1

(k=1...0) (3.13)

with
Aly:= (a5 205 i di(h) db,
£ i~ jdk B g [bs ) 5oy
+ S b (tg)]d;(h) dh,
A= jdk(h) 1 Sy B8 dh,

where the symbol “dAh” means the Friedrichs-Sha-
piro integral over A, discussed in App. I and App. II,

(3.14)

) )
AT J Uga(t—§) ETAE) dé (3.9)
the transformed Eq. (2.6)

T (h) 00

g@@ hg, (25) | dty dty T, (h)
(3.11)

&) Cas Upp (22— &) Upyy (23— &) Dyo Upia (84— §) dE.

(3.12)

the existence of which may be assumed. Applying
the h-operators on d;(h) in (3.14) the result can be
expressed by a linear combination of the d,(h)
again. Therefore for the evaluation of (3.14) we
only have to calculate the Friedrichs-Shapiro inte-
gral between two arbitrary standard Dyson functio-
nals d,(h) and d;(h). According to App.I and
App. II this calculation can be performed by intro-
ducing a second set of base functionals, the so-
called Hermitean base functionals J, (k). They can
be defined in terms of standard Dyson functionals
by an expansion
Jn(h)

= 5 A di(h) (3.15)
k=0

n
and d,(h) =kZOB,,k I (Rh) (3.16)
where the explicit expressions for 4,; and B, are
given in App. I and App. II. There is also discussed

the orthonormality of these functionals, namely

JTn(h) In(h) dh =0y, - (3.17)
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Then by substituting the expansion (3.16) into the
scalar product between d, (k) and d;(h) we obtain
the result

min(r, s)
I d,(R) ds(R) dh=k§03,k By:=g, (3.18)
also given in App. I and App. I, i. e. the standard
Dyson base functionals are not orthogonal with re-
spect to integration over Hilbert space. Therefore
it seems to be advantageous to use instead of the
Dyson expansion (3.6) for ¥
Hermitean functionals.

o(h) an expansion with
Symbolically written this
reads

oo

T,(h) = S(e) Julh)

and leads to the matrix representation of the func-

tional Eq. (3.10)

(3.19)

lzl(zz Mke)n(g) W—o (k=1...00) (3.20)
with
j I (R) 6hmto 5hﬁz(t2) Ji(k) dh,
M;,: = jfk(h) 5 [hﬂ. () 57’1731 @
(3.21)

)
+ iy o (&) 10 b,
4
_ )
= [ 1) [T gty (b b

Again the aplication of the h-operators on J;(h) in
(3.21) leads finally to a linear combination of the
J.(h) alone. Therefore the expressions (3.21) can
explicitly be evaluated by the use of (3.17). This is
discussed in detail in the following section and in
App. III. In this section we are only interested in
the basic features of these representations. First of
all it can be seen, that the infinite representations,
i. e. the exact Eqs. (3.13) and (3.20) are equi-
valent by means of a similarity transformation. Ob-
serving the invariance of ¥,(h) against special base
expansions, we obtain from (3.15) and (3.16)
T
kZIAzk nx(0) Vi

1(0) = (3.22)

and (@) =§1 BLVE n(e).  (3.23)

' ()
Mkl
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Further we have by substituting (3.16) into (3.14)

1k _
=2 2 By M;, By,

r=1 s=1

(3.24)

and by inserting (3.24) into (3.13) and observing
(3.21) the equivalence of (3.13) and (3.20) is
verified. Additionally due to the special structure
of the transformations (3.15), (3.16) the equi-
valence of (3.20) and (3.13) is even valid for the
truncated equations. According to I and II the ap-
proximations are defined by the sequence of trun-
cated equations

N

3
2, (Z ZiA};z)Zl(N) =0 (k=1..N)

=1 \i=1

(3.25)

respectively

N

2 (S zm)rwr =0 t=1..M) (20)
with N=1... o, where the limit N to infinity gives
back the exact system (3.13) respectively (3.20).
Then according to the special structure of the trans-
formation the relations (3.24) are still exactly valid
for the truncated matrices 4% (k,I=1...N) and
(k,I=1...N) i.e. the polynomial degree of
the truncation is a “good quantum number” against
the transformation. Defining
N

(W) = 2BuVit2@)  (3.27)
the truncated systems (3.25), (3.26) are also equi-
valent. Therefore for pure theoretical discussions we
are allowed to change from one representation to the
other without loss of generality. For numerical cal-
culation one easily recognizes that the Hermitean
representation is the more suitable one. This will
be discussed in detail in the following section.

4. The Hermitean Representation

In this section we give the explicit form of the
Hermitean representation (3.20). The matrix ele-
ments (3.21) are evaluated in detail in App. IIL.
Defining

1 2
1= Zg,p, (21 t3) T Zg,5, (81 25)

we obtain the system

Zsp, (84 t5) (4.1)
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M) (@) VR = 120 (3 5)me.e (2
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& &
)46 g,

2

+ 3 0[z (@8) vz G (G i)+ 3 2 (B i mea (21 )

PR 5 w0 ok o pegy) 860 G186 6y 13 120 (3 25 ) b (311251 7 ) a6
+ 3132 G R RR) + 2 G g g e Gir it 2 52 7) 461 a2 @2)
+33 (2G5 ) e 2 (g2 5) e (G ik ) e

+8.3 1[25 (5 e ) + 220 i 1 2 me G2 3 1 ) 461 46 43 3 122 (G e 2 S\ o 28)
+2f[3 2 (o) + PG s mna (it p)ae + 3 22 e Sk (3 )=

A1d23

For the derivation of (4.2) use is made of the fact
that we have

12(;5)de= 1235 2 57) =0
see App. III. It is interesting to note, that if we
would have introduced a normal-ordering term in
the fundamental Eq. (1.1) and would have used a
correct functions s(¢—¢’) instead of a d-function in
the defining expression (2.5) for the smearing out
operator S, all terms containing F;;(0) would can-
cel. This is the same behaviour like in the Dyson re-
presentation. The regularization of the interaction

(4.3)

Aydgigiy

procedure which is not confined to the unsymmetri-
cal Dyson representation alone.

As all Feynman integrals are to be calculated in
momentum space, for the effective integration of
(4.2) it is still necessary to perform a Fourier trans-
formation on (4.2). Denoting all Fourier transforms
by a tilde, observing the definition of ffag to be

Uus(t—8) = 5~ [0 Ty(p) dp - (4.9)

Ih..Pl)

and introducing the new expansion functions Q]'(al_. iy

by

term by normal-ordering therefore is a universal 7 (Z; :;) = f]anﬁi (py)-- f/a: 8 (p) @ (ﬂ ﬁ]) (4.5)
we obtain from (4.2) the system
T T s e L

- le(q)exesz+2(QZ qu f,’: pk) +H319:9k+2(01 B Ip‘ 5,’,’:)

+ 5 B ), o ehea (Pl [0 B S v (el ) i)

(-2 P i s S IR ot ol W (”‘éﬂi" )

g e o L e T Lo L Wt el

+3 e e (1 0e) o0

(A1422324)

[Here the symbol (4;..4;) means summation over
all combinations of i elements out of k& elements in-
dependent of their sequence.]

where the contraction operation

p—§¢&p
9"(@191 2ﬂj9k -

91 020y .

Py - Pk- z
1ak=

- Pk - z) dé

sAk -2

(4.7)

has been used as an abbreviation. Observing further
that UaB(p) is given by

Uss (p) Uy (p) = 3 F.y(p)

the coefficient functions follow by direct calcula-
tion. We have

(4.8)



908

HY(q) 1e0 = %Aenge_els (9),

H29192 3= i’[a? 69102 ~2 Bmez] s

H3 (gi)mezes He= %Faxﬂ (pl) [Cﬂel +3 Cmﬂ] Dez@sv
~ 2

B(%), = Fap (00 {5 [CootCos]

— By Bosd | +Fuus (1) 43, Fi (p0),

H’ (5: 5:)9192: = Szlzn 3 F a1 (1) Fopus (P2)
X [Cusus Dosos + Cosor Dy ] 5
HO(BP) i= 2ad(p+py) b (BR), (49
WEE) = symFao (pr) Faos (po)
2 ~
X2 a_Cmez —Boio: —iP1 %0100 “‘Fe_xé (p1) 4ee] »
H7 (3252 2), = sym Fovy (p0) P (p3) v )
X [3Cuse +Cous] Dyypss
HS(‘:::Z:) := 27 0(py+pa+ps+ps) B8 (p, Z:)
4 ~
hS(Z:::Z:) = }271;1 I__YIFaiQt P1) 2 Co,0: Doso, -

The symbol “sym” means symmetrization over the
corresponding indices, and a?=3 Fy;(0). Equation
(4.6) is the starting point of our integration theory
for the symmetric representation given in the next
section.

. gk !qku--qzm-k)
Ak |0k +1..Q2m-Fk

s = Prw.ly fz,,,( sz)

i q
f2m (Ai . dom
- ’zz'?wc‘f fon (2,

with fo = : /3, and 4;=
it in the following form

1 ‘11+¢I2 —q1 —q2P1 - -Pk) dg,; dg,
$C o100 Dosos f9k+4(91 0s | O @4% @me

2 0 - Pk 3 (P2
+H9192Qk+2(919 ct1 a;,)+ Z H (ai.:

=1 0 Ag..y =1 aiy

+ 5 (
(A1 42)=1 @11 Fhe 01 03 Qig..%ip
with
- Pk 6 (zm m,) (ms " p;_k)
rk( ah) H azy azs ) Ok s . . Qi

(2122)=1

+ S H (mlmgma) Q__g(P11+P32+P13P14~-p1k>+ .

A Ale A4
(214223) A1 Q2 Gig /0

¢11_§1 - qr—&k 51 s

ax asm « «

)919293

da Z Az, Qk(mx Pis - puc)+ Z <pz,) o (p;,1 p12..p1k)
' e

pis Plz) 3 (p11+p12 Dig - - Pk
0102

W.SCHULER AND H.STUMPF

5. General Solution Procedure

The system (4.6) is a system of integral equa-
tions but not in the common sense. Irrespective of
the fact that it is an infinite system, (4.6) contains
“contracted” functions and a lot of “unbounded”
variables, i.e. variables over which no integration
has been carried out. The contracted functions are
defined by (4.7). By direct inspection of (4.6) fol-
lows, that for the integration procedure of (4.6)
one has no other possibility than to consider the
contracted functions o} like new unknown func-
tions. Of course these functions are calculable. Ap-
plying the “contraction” operation (4.7) to the sys-
tem (4.6) one obtains a system for the gj-functions.
But this system now contains doubly contracted o-
functions etc. The necessary procedure for obtain-
ing a closed system of integral equations can be
presented in a systematic way analogous to the un-
symmetrical case in II Sect. 7. We repeat this proce-
dure here, because we deal with spinorial functions.
To perform it, we specialize to the case of state func-
tionals for stationary states of even parity. Then only
even indices k=2, 4... do occur in (4.6). The
case of odd parity can be treated in complete ana-
logy. Assuming now a completely symmetric set of
Fourier-transformed spinorial expansion functions
fom of a state functional €, we can define the fol-
lowing contraction operations and functions

qk+1 . -Q2m-k) d§1 . -dEk

Aom-k+1Gk+1-.A2m—Fk

(5.1)

(@i, @9m_i+1)- To apply the contraction operators P; on the system (4.6) we write

—qp e
J.H q)91929k+2 ( 0s 04 all ) (2m)

ot (pz;—q q mz--mk)ﬂ
k+2\ 0y 05 03019--0i) 22
(5.2)
Q0 Qa..a5%
)i (325 =0
(5.3)
8 (Pa1 - Pis (pzs--mk)
M- Ug 1..14)H (alx--%)g"“‘ ajs .. aix)"
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Now we apply the contraction operators Py .
in the system of equations

Py (k=

909

1..m) to the Eqs. (5.2) for even m. This results

b Couw Dove [ (e | 70700 1) G
e (8 2 | )L + it 25 | )
+ 3 am (), G (B L B ) B
N A,%zm & (ah)gx 0203 195;12 ( Q102 -41 ﬁk i gs 1’: Ay ) =
- zlgr" Acse @i (A‘ Ak } lk 40 ) v ,uxz—-l ai:y:: Asire 05, (Q/tllm'Auz s ‘ lm) (5.4)
+ 3, om S () ettt o )
+ Z;Zelk ( ) sz <“11 Ak‘ lz 1121)"" Z 1H5(Iul )9:92 (@1 Q2 Auz A,,k l”?)
FE b ) 8
b2 am SRR o (it e [0 B )

s e’
u (A 2g)ely (21 ﬁiz )exez 9§;1(1éj-£i Allilj l,’: A 12) +rf” (Atxl‘;h \\ l;cn) =i}
where we denoted for brevity
g ol e v (53)

The details of its denvatlon are glven in App IV. It is remarkable that the system (5.4) is a closed system

in the unknown functions 0%,, (m=1.. 0, k=0.

- J'Qm+1 (Q1+‘Iz l..m ,—‘11_
304

Ecelez 2m+4 0102 Ay..Am| 04

— 1:s
- J.Hl(q)onez 9'2nm—2 (q gl Al,_:{nm ) +HL23192

]

3 (1—§ m (—E—n py..
+ z S J.H ( Ay )919293 sz+2( 010 Aus..Ayu,

pu1=1 otuy, ap”
m

+ > sym Az % (oa“ fez - Au ‘)-!- z sym fH“(‘u‘ 15)99";,‘1 (A

#1=1 apu, Ay’

ﬂx—l Qs O

+ Z (Aul)elez g"' (Q[:‘éz

wu1=1

< Um )
Au,..

5 —&y, pa—E
5 (M1 S1s H27652
+ /m% 1 :‘Zg‘l‘l IH ( Ay Ausz )9192 Cm
Gluzs Ous”
+r? < l1..m )=0
2m \A,..Am :

The last term r3,, reads in a symbolic notation, the
precise details of which being given in App. IV

m 1. m—2 ut+2 -
r2m(A Am‘> > 2 Hmow. (5.7)

p=m—1 r=pu

m—1

m) because the Egs. (5.4) become for k=m

2 ﬂl_dﬂ

2m?
pm+1 ( 0 1l..m
2m+2\0, 0y 4y.. Am

tom (5.6)

n & )dfd’?,

Osaum’) (2 7)2

M2 - Bm ’:“1_5 EI)LE

wuzeAp, | Q@ aAm/2m

(.“1"',“2 §1—& us.

< Um ’51 & )dEl d_E?_
0102 Aps ..

um| Oy us’) (2 7)2

Therefore the system for thte contraction functions
0%, (k=0...m) terminates with 0%, and no higher
contraction term occurs. So (5.4) can be used in-
stead of (5.2)
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For the solution of the infinite system we now use
approximate functionals
N

S:ON(h) V= Z

m=1

MZ

U2'" 02m (N) Jom (h) ~ = Ve m)" . (5.8)
Formally the use of (5.8) can be defined by putting
02, =0 for a> N and then calculating 0s. . . goy from
the first N equations of (5.2). By our contraction
procedure we transformed (5.2) into (5.4) and
perform calculations with this system. From (5.1)
follows in this case that 0% =0 for a>N and
k=0...a. Therefore the truncation procedure for
Eq. (5.4) is defined by putting .Q’zcu =0 for a>0,
k=0...a and then calculating ok, for a=1...N
and £=0...a from the correspondlng Egs. of

(5.4). Multlplymg (5.4) by ( Z Am o) "1 the sixth

term in (5.4) with 0%, becomes a diagonal term
and we can write (5.4) in the symbolic form

% m+2 k+1 Kl m=1 55
Qo = n=%—2 lzg Hmn "n ( k=0.. .m)' (59)

We obtain for the calculation of (5.8) the truncated
system
m+2  k+1

> Hhnoh W (72500m):

n=m—2 l=k—

<V (5.10)

Then we have to integrate (5.10) explicitly. This

will be done for a simple example in detail in sec-

tion 7. Here we only want to sketch the general me-

thod. To do this it is not necessary to write down

all indices explicitly. We rather use a shorthand
notation. We define a subset of functions 0%, by

R, p):=0k, (32508)  (511)

and for any operator OF, we define its projection
on this subset by

O(a,f):= 08, (p72576 ). (512)

Now we start with the lowest possible equation of
(5.10) for 03 which reads

0% (N) = HiY 03 (N) + H1 03 (N) + ZHO

0%, (N) =

b (N) .
(5.13)

Then the remaining equations of (5.10) read in the
notation of (5.11) and (5.12)

Ry(2,N) =H(2,N) Ry(2,N) +F(2,N) (5.14)

W.SCHULER AND H.STUMPF

where F contains all terms with 0 and 0} i. e.

F(2,N) =: z Hhias (V) (72 M), (5.15)

m

Then we construct the Green function for (5.14)
namely

G(2,N):=[1(2,N) -H(2,N)]™*
and apply it to (5.14) obtaining so

(5.16)

Ry(2,N)=G(2,N) F(2,N).  (5.17)
Explicitly (5.17) reads
N 1
o (M) = 3 Cn(N) 3 Hicd(V). (5.18)

This inserted into (5.13) leads to an equation of the
structure

02 (V)
or by inversion

02 (N) = (1-8,) "1 S 03(N) =

=S, 08 +5, 0} (5.19)

: Q(N) 03 (V).
(5.20)

When we apply the contraction operation on (5.20)
we have

[1-Q'(N)] 03(N) = (5.21)

and after introduction of center of gravity coordi-
nates by

03 (q) = [03(qg—& 8)dE=c,0(g—w) (5.22)

we obtain an eigenvalue equation for the calculation
of the approximate eigenvalue wy corresponding to
the approximate functional (5.8) ;

Q'(N; wy) =1 (5.23)

of course the main calculational problem is the con-

struction of G (2, N).

6. The Condition of Stationarity

Stationary functionals are characterized by the
condition (1.6) respectively (3.12). Therefore we
have to demonstrate that the solution procedure
sketched in the preceding section and leading to an
eigenvalue equation does satisfy (3.12) i.e. that
the eigenvalue wy calculated according to section 5
is the required one by the eigenvalue condition
(3.12). To do this we first represent (3.12) by
Hermite functionals. Using the Hermite expansion
for the state functional (3.19), Eq. (3.12) can be
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written in our symbolic notation

3Pl V- —iogf@ (6D
with
= [Ji(h) Uy, (z—t ) 5 Upua (12— 1) by, (8)
dede; dey J(R) dh. (6.2)

" Shps (z)

Explicit evaluation gives according to App. III.

Pkl =
L 6.3
61{1 Z S(tu t] ) 61); o’y U 61»\ o’ 6(t/.( _l ( )

i. e. P;; is a diagonal operator. Transforming (6.1)
into Fourier space then it leads to the equation
[EM%( ) =, 7, (B0 2). (6.4)

Transition to the o-functions according to (4.5)
finally results in the condition

n , 7
] Py--Pn) __ pl--Pn)
[2 pdon (BreBn) o (B Pn).

It is the same condition like in the unsymmetrical
case. Specializing on states of even parity, we may
apply the contraction operation of section 5 on (6.5)
and obtain in this way the conditions

(6.5)

2m—k
Pk Pk+1-.

ko (pr- 2m -k
[ igl pi—(')g]sz (A:--Ak ksl - >=0- (6.6)

a2m -k |

So far Eqs. (6.1) to (6.6) are valid for the exact
stationary state functionals. Assuming now an ap-
proximate functional (5.8), not only the dynamical
Egs. (5.5) have to be truncated, but also the Eq.
(6.1) respectively (6.6). This gives for (6.1)

N
Z Py’ (N) Vl" ZPM’?(N) Vl'

= —iw,n(N) (6.7)

due to the diagonal structure of Pj;. Therefore
(3.12) has to be exactly valid for the approximate
functionals too. Of course then Egs. (6.6) have to
be satisfied by the 0%, (N) also. Now the problem
can be formulated as follows: According to section 5
only o} and o9 are properly chosen to satisfy (6.6).
If one calculates the higher o-functions by the out-
lined procedure, do then all o%n (N) satisfy (6.6)

or not?
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According to II, section 8 all p5,,(N) satisfy (6.6)
if Pj; commutes with the operator of the dynamical
equation. This is true according to condition 2. of
section 2. i. e. the dynamical operator is just selected
from the viewpoint of commutativity. Therefore our
calculation programm of section 5 automatically
leads to properly constructed functionals of statio-
nary states. For details we refer to II.

7. Integration of an Approximate System

The principles for the explicit integration of the
truncated systems (5.6) are just the same as we
have outlined in paper II section 9, where we de-
monstrated the method of integration for the sim-
plest cases of the @, and @, — ¢,-systems. The main
feature is, that in the equation systems occur linear
combinations of integral operators which only act
partially on the whole o-functions. And one has to
construct the partial resolvents of these integral ope-
rator components. Therefrom one gets the total re-
solvent by an linear symmetric combination of the
structure:

R=1+2R;
1
the R; being the partial resolvents of the partial in-
tegral operators K| .

But now, in the spinorial case, the whole proce-
dure is much more complicated than in the scalar
one because each partial resolvent is a matrix resol-
vent. Moreover, the equations have more terms and
additionally one has to construct inverse matrices
by the same method. Thus we don’t demonstrate
the method of integration in detail for some appro-
priate system because it would not yield new aspects.

However, we will calculate some eigenvalue for
the simplest case of the o;-equation. This reads ac-
cording to (4.6) if we put 03 =0

s (3) 41 (2,0 (%) =0,

Putting now
o (%) =6k () B(py — ) =

as a consequence of the translational condition (6.5),
we have after integration over p,

[Aup+ Has ()] 05=0 (7.3)

In this simple case our problem turns out to be only
an algebraic one, and we get from (7.3) the eigen-

(7.1)

9116(p1 ot 0)) (7'2)
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value equation
det| Aaﬂ—*-H:ﬂ (60)]=0 . (7.4)

Regarding the definition (4.9)~of H*(%)s, we mul-
tiply (7.3) from the left by F.j (w) and get the
modified eigenvalue equation

det| F"1 4+ AF~1 4 }a®[C +C"] — [B+BT]|=0.

(7.5)
This may be written
det| FF1A4+ AF14¢,S|=0 (7.6)
with co:=3a>—1=3F;1(0) -1 (7.7)
and S :=<(1) (1))

having substituted the definition (1.3) of the matri-
ces B and C in (7.5). As in paper II, App. V we

then approximate the two-point function
Fop(ty—15) = (0| T wal(ty) w5(25)| 0)

by its first intermediate state and use the approxi-
mate f-sum rule

[(0]g(0)|1)F2wyy=1 (7.8)
as well as the relation
(1[p@)]0) =iwy,(1]q@]0).  (7.9)

Then we have for the Fourier-transformed F. ix(P)app.

r 1 {
Fa®aw.= Timarg o 78)  (710)
and its inverse
iik(P)_lapp. (i_wpw f) (7.11)
as well as for ¢,
3
c=4Fu(0)-1= ;" —1.  (7.12)

With these approximate functions and the definition
(1.3) of A4 we can immediately evaluate Eq. (7.6)
resulting in

det| F-t A+ AF14¢, 5| (7.13)
=—-4 0+ (0H+1)2—c3=0.

Looking for a selfconsistent solution we have to put
@, = and get
(wfo—1)%=cj (7.14)
and therefore
wy0=11220.9085

10 W. ScuuLEer, Thesis, University of Tiibingen 1967.

(7.15)

W.SCHULER AND H. STUMPF

whereas the exact value is given by w;,=1.0871.
It is remarkable that one gets the same value as in
the Hermitean formulation of the g-representation °.
Moreover we see that we get in the Hermitean repre-
sentation in the lowest approximation an eigenvalue
which is lower than the exact one, whereas the un-
symmetrical version results in a higher one. There
we got

W= V/3221.1447. (7.16)

A further comparison of the numerical values for
the unsymmetrical and the Hermitean formulation
of the g-representation will be given in a later
paper 10,
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Appendix I

In this part we discuss the scalar Hermite- and
Dyson functionals and their integration. Hermite
functionals have been introduced by Friedrichs and
their integration by Friedrichs and Shapiro. Most
of the formulae compiled here are given in 8, as well
as in 11,

First we give the definition of Hermitean poly-
nomials. Suppose to have a polynomial

P,(j) := [pa(zy..7,) j(z0)..j(2,) d2y..dx,
(I.1)

where p,(x;..7,) is a real symmetric function in
all variables, and sufficient regular that the integral
exists. The functions j(z) have to be elements of the
real Hilbert space L?( — o, + o) i. e.

+o0
Ji@}Fdr<oe.

Then the Hermitean Polynomial corresponding to
(I.1) is defined by

HP,(j) := Pafj— 5)-1

) .
= (= if(z)dz e 3 (z)dz
= (=)" et P"(éj)e [i .

(1.2)

11 K. Symanzix, Z. Naturforsch. 9a, 809 [1954], appendix.
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A useful description of (I.2) is also given by
d &2 .
P 1= [yt
_ 2 5 koo (L3)
= kgo ay ” e dx} P,(j)
ar 1= (—)*/ (k! 2%). (1.4)

Like in ordinary function space the Hermitean poly-
nomials are not integrable. This is only possible by
introducing a weightfactor. This then leads to the
definition of the Hermitean functionals

with

J(j) 1= S EPu(j) e HF@%,  (L5)

They are square integrable and their integral over
functional space leads to

To obtain from (I.6) conventional orthogonality
relations as one may expect for complete orthogonal
expansion systems, the functions p,(z; . .z,) have to
be specified further. They have to be constructed as
complete orthogonal sets in ordinary function space.

n,m.fpn2 (%1 ..2,) dzy..dw, (1.6)

They satisfy the orthogonality relations

.’--’n(tl oo lpns ]) -’m(t1,-

t;n,]) dj=6nm

913

A special representation which does not lead to con-
tradictions is given by
il n
—F X H 0 (810 — o)
R ledp=1a=
(L.7)

Then the numbers ¢;..%, which are continuously
variable play the role of index numbers like the
wavevectors K for plane wave functions. The pos-
sibility of choosing a base system like (I.7) is in so
far important and of special interest, as it allows
immediately a Lorentz-invariant generalization, which
finally is the aim of the entire formalism developped
here. Naturally the Fourier transform of (I.7) is
also a possible expansion system, but this does not
lead to any new results.

By (I.7) and (I.1) the special set of Polynomials

Py(ty. tn; j) 1= j(ty). . j(ta) (1.8)

is defined, and the corresponding set of Hermite
functionals is given by

DBy olys Bicay) 2=

For the explicit evaluation of matrix elements the following recursion formulas are necessary

](t) ]n(tl- «lns ]) = Vm ]n+1(t1

WA ])+

Ja(ty .. t57) 1= —V%Hj(zl) e j(ty) e 2@z,
(1.9)
L,P % ImI Ot —1t). (1.10)
M ivodm=1i=1
Z 0(t—t) Ju1(ty—tio1tie1. 103 ), (I.11)

. 11 2 ¥ e .
(w) In(ty et f) = 505 2.00=8) aos Gty tioatinn e tas ) =3 VRt L hnas (e tats ). (112)

They are proved by similar techniques like those used for ordinary Hermite functions.
Now we turn to the Dyson functionals. The normalized Dyson functionals are defined by

du(ty..t3)) 1=

1
i Pty

s j) e H[F@Az (I.13)

Observing the definition (I.3) we obtain the connection between the Dyson- and Hermite functionals by

. 1 L p
Jn (tl B ]) = F o IZ= kz Qn: H é (tln tl,(—x) dn—?k (ti.gku oolys ])5 (I°14‘)
. 1 2 .
d(ty. tasj) = P . ; Z b H O (tay —tayey ) T2k (B aesse - 1.3 ) (I.15)
. —)kV/n! 1
with Aup = k) QV—‘, bnk =3 m’ (1.16)
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The inversion formula (I.15) can be obtained by reversing Schmidt’s orthogonalisation procedure. The con-
nection between both sets can be written as a similarity transformation given by

]n(tl <o lns ]) = gofAnr(tl 7 61 .. Er) dr(stl . Er) 51 . d;':,. ,
doltytai ) = 3 [ Burtyotai 616 Jo(Br o £) 06y dE, (L17)
n in r
with Anr(t1 B 51 . Er) C= A, (n-1)/2 % P Z ﬂ 6“2,: m— 33.,:4) H 0 (Ea — 1)
o Aada=1 i=}r+1
1 én I.18
Bnr(t1--tr;§1--§r) L= bn.(n—r)/?FP ]I 5(12 tl,‘ 1) l]é(sa /.z . ( )
* o AMAn=1 i=}r+1
Having for a functional ¥,(j) the expansion
z(;(j) g 7nd (]) Z Mn ]n(] V”' (119)
the expansion coefficients are connected by the transposed matrices
5 1
Xr(sl é Akr(tl 73 51 Sr) 771»( tk) dtl LE dtk ka ’
e (&p. . &) =k§=:1.kar(t1 ot §pen &) ey ) dey L dy VL (1.20)

This is an essentially nonlocal connection. Especially the physically meaningful one-time limit of y,(&;..&;)

has no correspondence by the 7, (&; .

.&;) according to (I1.20).

Finally we evaluate the scalar product between two normalized Dyson functionals by means of the ex-

pansion (1.17). We obtain

gen= Tdp(ty oot 3 1) dliy o Ba3 I3 dfi= r:il é_l Byt cti 3 & E) Bty . oty & &) S L dE S dE)
% J Iely «o&es PRCE - &5 f1.4F
= é br, (k-r)/2 ba, (n-ry2 kl, nl, ) %:1 %_laf]a(t; 1) (I.21)
ANt ler, v M

Appendix II

In this part we discuss the spinorial Hermite and
Dyson functionals and their integration. Form the
general requirement of a covariant spinor descrip-
tion it is necessary to formulate basic polynomials
in the form

Pui) t= T (5050 i (1) i () 2y
(IL.1)
with the “spinorial”’, for the anharmonic oscillator

commuting source functions j; () and j;(z). In the
case of nonlinear spinortheory anticommuting func-
tions j;(z) have to be used, i.e. they have to be

12 F, A. Bereziy, The Method of Second Quantization, Aca-
demic Press, New York 1966.

elements of a Grassmann algebra !2. Observing the
first definition (I.2) of the corresponding Hermite
polynomials, from a naive standpoint one would
seperate (II.1) into two polynomials for j; and j,
and apply then the definition operation (I.2). This
of course would be on the first glance a noncovariant
operation. Fortunately there exists besides of (I.2)
with (I.3) a completely covariant definition of the
Hermitean polynomials which can be applied im-
mediately to (II.1), giving

. ( 5 .
HP,() = exp{— 5 2 [ 505 de | Po(j).(112)

In the Fermion case one should have used instead of

82 d
gj 0ja(2)
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the expression

o )
3ia () "% 8ja(a) T
with the totally antisymmetric unit tensor d,4. It can
be shown that (II.2) is completely equivalent to the
separated polynomials defined by j; and j, from
(IL.1). Choosing the expansion functions p, to be

2 HE R .
Pn (al .an; By ﬂﬂ) (I1.3)
1 n
=% p Z H 6(‘1( — ;) a,\ Bi
& .. Ap=11i=
we obtain the special set of polynomials
Py(f2) = o (b)) (IL4)

and the corresponding set of Hermite functionals is
given by

paper, especially in Chapter 3. For completeness we

tl
[R{E
and the recurrence relations in the spinorial case:

ja(z)Jn(::jj," ) Vn(a)+1!n+1(" ana’

0 th ., .\ _ 1 ¢
ja (t)]"(ax Lan’ ’)— 2 Vn(a) ,Z 0(t—1) Oaraln- 1(‘

th .. bt T ; 1
a:; ?]‘)]m (a:f“az;i>d]=anm,ﬁ!P Z

i)+

915

Iy . 1
Il s )= Vn(l)'Vn(2)’

HP, (405 )exp |-

(I1.5)
g j j2(x) dx }

where we define

n(a) :

uM:
Ll

Oapa (a=1,2). (IL.6)
It is easy to see, that one may define supervariables
I =1t,a, and obtains in this way

],,(Zl HP,,(;I <Lns j)

eXP{ -1/ dr

but this description is completely equivalent to Ap-
pendix I. Therefore all formulas of Appendix I are
valid for supervariables. The n! is then a shorthand
notation for n(1)!n(2)! and is often used in our

L)) = (IL.7)

state the orthonormality relation

m m

e ” 6(1,‘.( - i u)‘.a;’ (II-S)

Eooo B-1 Bates b

Vn(a) ;Z 0(e=8) Saalu- 1(1 lal1ana ”)
(I1.9)

PR 7755 W 7% TN 710 )
.al-1Q4+1..apn°

BWn(@) F1 (02 l)

In our paper we have used some modified definitions of the normalized Dyson and Hermite functionals,

which are
bty ) _ " ty.. tn
d"<a:~-an']>_n!P"(1i- an
t th , . ¥in___
]”(' an”) ]/n(l)'Vn(2)'HP

(ti.. :f)eXP{—ZHia2(x)dx}_

si)exp{— 13 [j2(z) do}, (I1.10)

(IL.11)

Therefore, in this case, the transformations formulas between d, and J, correspondmg to (I.17) and (1.18)
of Appendix I are somewhat altered. The coefficients a’p_ (- )2 respectively by, (,_ )2 now read:

n an

T Yy ! Yn@)) I -R2s (I1.12)

a'n,(n—k)2 =

* VED!VED!,

b, (n—k)j2 = ¥ V! (11.13)

n, (n-FK)/2 +

Appendix IIT

In this part we discuss the calculation of matrixelements in the Hermitean representation. It is advan-
tageous not to calculate the matrixelements itself, but already their projections on an arbitrary state func-

tion. The elementary matrix elements are

S | g k1 3 we Hgp
2 Ul he@ L) Lgn=gees [k 5) + 3 0= oo e (270 2%) I
< 0 k! o tg 2 3

and ":;1 (Jx | 5s @ | T ll; L L 3gk.1 (:;25) %AE 0(t3,— &) 04,0, Gr- 1( “.Z’]:) (I11.2)
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following immediately from formulas (I.11) respectively the corresponding formulas for super indizes.
Now any other matrixelement can be decomposed by introducing intermediate states. Consider for example
the matrixelement

Z (Il he (&) ey (5) FAR: e ,g,, 2 (Jklhﬂ,(fg)llm)%(Jmlmiln) —V;—!-gn. (II1.3)

. 2 ) m!
Defining now 'Zl (Jm| S, B [ 1) '://,:‘ =:fm (IT1.4)
then we have in the first step
m | & = ctm & g t i

jm ( ‘) 1 {gmn ( .am ﬂx) ?:‘1 0 (tl, = 51) 64‘71, a,, 9m-1 (012 aim)} (I11.5)

and in the second step
< Vk! ty.. tm & &

mzl (I | Rg,(89) | Im) V'nﬁf”‘: %{gmz (ai il /g:)

k

+ Z= [6 (th - 52) 6/72: "A;gk (atj: : (:j”: gl) s 6 (t;q - El) 5ﬂ1,ah!]k (;i: ot at:: g:)] (III.G)

— 5(51 - 52) éﬂx,ﬂzgk (tl th)

. ak

z 6(t7' —El) 6(% E2) 6ﬂx,°4,6ﬂ2,u,gh 2 (t/.h” tlk)}.

I1da=1 ajig .« A

Analogously all other elements can be evaluated.
From (II1.6) follows easily the translational operator Pj; of Section 6. First we have

d 7y 1 —in(f— 5
JUuﬂ‘(t—tl) <5 Unk (t—1) do= ﬁje =t (—ip) dp &, 5 = : O S(ty— 1) (IILT)

with » Sty —5) = —S(Es—8) (IIL8)
i.e. S(0) =0. Then the translational operator reads according to (6.2)
3 Pu V¥ e 3 U] (500 bt g 3] 1) Vi, (ITL.9)
Applying wow Sormuls (I11.6) for the evelustion of (TIL9} we have
ISy — &) moe (B0 2 61 B2 dty dby = — [S(& &) mae (37 2 5 5¥) a8, d5p=0.  (TIL10)

Further it follows

k
z S(t,=1) Sua iz (37 ) = S [S(,—12) +S(t,=1)] den e mies 227 2) =0 (HL1D)

Mip=1 i3« k) (ayi5=1

because the bracket expressions vanishes. So we finally have

) i k
S Pur L= 3 [8(5,-8) (e B 2 ) ag (I11.12)
=1 =1

Vit @la - . A3f A2y

transforming this into Fourier space the formula (6.4) results.

Appendix IV

In this part the contraction formula of Section 5 are discussed explicitly. We therefore define the set

of variables .= Z::: Z:Z:"f . (IV.1)

We then have especially for k=0 the original set [g' := Z::'qm : (IV.2)

. a2m
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Furthermore in all fomulas we substitute instead of g; simply A for abbreviation. Then by definition (5.1)
the contraction for a symmetrical function Se,(lg') becomes

Py..Py Soun(l) := [ Som (U0 Bk Fee Sk I)aE L dEy:= SE (20 3| 1) ava)

ax  agm..92m-k+1 K
with Aj =i, A1t = a,-,aj'. (IV4)
When we define the further set

qr+1++-9Qk+1-19Qk+1+1 -+ Gk +2i-1 9k +2i+1-- 2m-k

Bora (ak+1 ak+i.1-1ak+}.1+1--ak+li—lak+}.i+1--a2m—k)’ byodii=que.q (IV.6)

the formulas to be contracted can be written like

B(m) =:3 g(h-H)sy, (0, ) (IV.7)

A Aely

where g(Z;..4;) is a symmetrical function in all arguments. In the dynamical equations i=1..4 occurs.
It is convenient to define further the following expressions
Lk - A k|
) i....%elz‘g (ah )52”" (A WAL 2y 1:')' (v
By this definition all operations of II, Appendix III can be overtaken for the spinorial case, with a slight

modification: when variables of g and S are combined by integration one has to symmetrisize the spinor
indices. For i =1, 2 the formulae now read

k
0 _ Tk —&\ k=1 [ Mo-.pr | § m\ d§
Py P LY (m) =Lk (m) + Z—lfu.y'i’m Jo(ff)shata(fai |3 7) 5,
Py..P, LY (m) Lk m)+z gt (f) Shate(fernf ) (IV.9)
& &) gi- g gm ) dE
+.2 Z Sy fg(am azi)slémi‘é’ (A’Z A,‘k o'k, 1)

1 le u1=1 ttuy, otu”

+ Z sym sym Ig(ﬂl & ma— Ez)sk (AM - MK ‘5152 l )gél;)iz.

w1 =1 u1, Oy Cus, Cus” Quy Quz ﬂ,‘r Ly auz




