
On the Field Theoretic Functional Calculus for the Anharmonic Oscillator III 
W . S C H Ü L E R a n d H . S T U M P F 

Institut für Theoretische Physik der Universität Tübingen 

(Z. Naturforsch. 23 a, 902—917 [1968] ; received 18 December 1967) 

The theory of solution for quantum field functional equations is developped for a suitable test-
problem of quantum mechanics. In Sect. 1 the functional formulation of the anharmonic oscillator 
in its spinorial representation is given, and in Sect. 2 translational equivalent functional equations 
are discussed. The expansion of the physical state functionals into series of basefunctionals and 
the symmetrical representation of the functional equations for such an expansion is discussed in 
Sect. 3. In the following Sect. 4 the special symmetric orthogonal Hermitean functionals are used 
and the explicit representation is derived. In Sect. 5 the functionals are approximated by expan-
sions with only a finite number of terms and the resulting equations are prepared for integration 
and in Sect. 6 a necessary condition of stationarity is considered. In Sect. 7 the simplest equation 
for A = 1 is discussed in detail and the lowest eigenvalue is obtained. In the appendices technical 
details are derived. 

In nonlinear spinor theory the dynamical be-
haviour of elementary particles can be described by 
functionals of field operators in a H E I S E N B E R G re-
presentation and corresponding functional equa-
tions1 - 3 . To obtain the physical information, it is 
necessary to solve the functional equations without 
perturbation theory, i. e. for the strong coupling 
case. As has been discussed in previous papers for 
the investigation of strong coupling functional equa-
tions, the anharmonic oscillator is a suitable test 
problem 2' 4~6. The general idea for the solution of 
such functional equations is the use of an expansion 
of the physical functionals into series of suitably 
chosen base functionals and to approximate the ex-
act infinite series by series with a finite number of 
terms. As has been shown in 6 and 7 the approxima-
tion procedure can be performed either in a sym-
metrical or in an unsymmetrical functional operator 
representation. The unsymmetrical representation 
has been discussed in 7. In this paper we investigate 
the symmetrical representations. These representa-
tions require functional integrations of base functio-
nals provided by the so-called F R I E D R I C H S - S H A P I R O 

integration procedure over functional space8. The 
general theory requires the proof of convergence 
and the explicit calculation of the approximate func-
tionals. Only the second problem is discussed here. 
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For having analogy to nonlinear spinor theory we 
use the p-q representation of the anharmonic oscil-
lator. Additionally this representation is the only 
one which preserves formal selfadjointness of the 
functional operator. It will be shown that the solu-
tion procedure runs analogous to the unsymmetrical 
case. For the lowest approximation numerical values 
are given. The value of the symmetrical represen-
tations lies in the fact, that one may hope to prove 
convergence. Technical details are given in the ap-
pendices. The use of Hermitean functionals for the 
symmetric representation has been first proposed 
and investigated by M A I S O N 9. His paper gives a good 
complement to the more practical directed investiga-
tions given here. 

1. Spinorial Representation of the 
Anharmonic Oscillator 

Identifying q with xpA and p with ipz the equations 
of motion for the anharmonic oscillator can be writ-
ten according to I 

dtVM) =Baßipß{t) — Caß Dyo xpß{t) ipY(t) xp„{t) 
(1.1) 

with the commutation relation 
M t ) , x p ß ( t ) ] . = A a ß l (1.2) 
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where the matrices occuring in (1.1) and (1.2) are 
defined by 

' = - ( - ! i). 

c-.-G 2). 
This representation is in complete analogy to the 
nonlinear spinor equation of elementary particle 
theory with Hermitean field operators 3. As has been 
discussed in II, for the field theoretic treatment we 
characterize the stationary states of (1.1) by state 
functionals 

%0(j) : = (0\Texv{i$xpM)ja(t)ti}\Q) (1.4) 

where ] Q) are the stationary states in ordinary 
physical Hilbert space. For the calculation of these 
functionals, functional equations can be derived. 
Using the procedure outlined in II, app. I, we ob-
tain the equations 

8 8 8 
8jß(t) 8jv(t) 8ja(t) (1 .5 ) 

v ^ ^ - Aß iß W (/') • 

Additionally for the physical functionals the sub-
sidiary condition 

P%o(j) : = \ut) i ^ ^ t Z M ) = -ia>0XD(j) 
(1.6) 

with coQ = (E0 — E0) has to be satisfied, where E0 

are the energy eigenvalues for the states \Q). By 
(1.5) and (1.6) the physical state functionals should 
be characterized independently of the original prob-
lem (1.1) and (1.2) in Hilbert space, i .e. one 
should be able to construct the state functionals ex-
plicitly by (1.5) and (1.6). This is the main prob-
lem of the following investigation. Therefore Eqs. 
(1.5) and (1.6) are the starting point of our con-
siderations. 

2. Translational Equivalent Equations 

For the purpose of numerical calculation, and as 
we shall see later also from general reasons it is 
necessary to use instead of (1.5) a suitably linear 
combination of the original equation. Doing so, we 
have to prove the equivalence of the linear combined 
with the original equation. Already in II such a 
proof of equivalence has been given for a special 

linear combination. Because we need in our further 
investigation more general linear combinations we 
give here a more general proof for equivalence too, 
showing at the same time the physical reason of 
equivalence. Writing the state functional (1.4) in 
the explicit form 

,(;) = 1 / * , J ( 0 1 7 X ( fc ) . •. wak (h)\ Q) ( 2 J ) 

7«j d £ j . . . d£Ä 

a simultaneous translation of all variables 

£i = Si' + r (2.2) 

gives according to properties of the time ordered 
products 

£ , ( / ) = exp{ ; co , t } %0(j) (2.3) 

where / has to be defined by 

fit) s - / ( £ + T). (2.4) 

On the other hand by a translation of all variables 
Eq. (1.5) remains forminvariant, i. e. the transform-
ed equation is just the original one with j replaced 
by / . Therefore its physical solutions do not depend 
on the arbitrary parameter t, i. e. for any arbitrary 
value of the parameter t in (1.5) we obtain the same 
solutions. Therefore we are allowed to use instead of 
(1.5) a suitably chosen linear combination over t 
for the calculation of %Q (j) i. e. a smeared out equa-
tion. As has been shown in II the smearing out pro-
cedure can be effected even by a functional operator 
itself without destroying the equivalence. Then it 
seems, that one has a large variety of possible com-
binations. But these combinations are restricted by 
general requirements. First, as we shall see later, 
Eq. (1.5) is a formal Hermitean equation. For the 
proof of convergence of our solution procedure this 
property may not be destroyed. Therefore we de-
mand 

7. The linear combination has to maintain 
Hermiticity. 

Secondly in the solution procedure given in II for 
the unsymmetrical representation, the commutativity 
of the equation with the translational operator P is 
required. Because we shall apply this procedure in 
the symmetrical representation too, we demand 



2. The linear combined equation has to com-
mute with P. 

This requirement is by no means trivial, because the 
original Eqs. (1.5) does not commute with P. This 
indicates that (1.5) contains a larger set of solu-
tions than the physical solutions. Therefore the 
smearing out procedure with the requirement 2. can 
be considered as a method to select only the physi-
cal solutions of (1.5). Finally we demand 

3. The linear combined equation has to be 
integrable. 

This of course is meant in the light of the integra-
tion procedure developped in II. Choicing the smear-
ing out operator S to be 

we obtain from (1.5) by application of S the equa-
tion 

8 
Öja(t) 

" J 

»al-B» 
m * ™ 

8 8 
CaßDya 8ja (t) 8jß (t) dir it) 8 ja (t) 

(2.6) 

d tX0(j) 

where we used the fact that according to the struc-
ture of Auß the source function and its differential 
operator can be commuted. Observing that only the 
commutator 

8jß(t') = öaßö ( i - O (2.7) 

is unequal zero, while all other commutators vanish, 
(2.6) is a formal Hermitean equation. This means, 
writing (2.6) in a shorthand-notation 

(2.8) 

that 
we have for properly chosen base functionals Jn 

the relation {Jn\0\Jm) = (Jm\0\Jn)*. (2.9) 

Therefore condition 1. is satisfied. Defining the 
translational operator P by 

d 

d t 8 ja (0 
dt (2.10) 

one verifies by straight-forward calculation with the 
Fourier transforms of (2.8) and (2.6), that P com-
mutes with (2.6). Therefore by the choice of S ac-

cording to (2.5) the second condition is satisfied 
too. Finally in section 5 and 7 we shall see that also 
condition 3. is satisfied. In the following investiga-
tion we therefore use instead of (1.5) the combined 
Eq. (2.6). 

3. Symmetric Functional Representations 

For the actual construction of state functionals, 
we have to expand them into series of suitably 
chosen base functionals and to truncate these series. 
This procedure leads to matrix representations of 
the functional equations for the calculation of the 
expansion coefficients. In the preceding papers we 
distinguished between two possibilities of matrix 
representations. After substitution of the state func-
tional expansion in the functional equation we pro-
ject in one case this equation on the dual set of base 
functionals, in the other case on the original set. 
This leads to the unsymmetrical respectively sym-
metrical matrix representations of the functional 
equations. In II we treated the unsymmetrical ver-
sion. In this paper we shall discuss the symmetrical 
version. Again we start with the Dyson expansion. 
Defining the spinorial Dyson base functionals by 

^ ( i ' . ' . S ) - : ^ (« ! )•. / . . (« . ) (3-D 
• e x p { - ( £ - y ) j ß ( r j ) d^diy} 

where Faß (£ — rj) is the two point function 

Faß^-r , ) <0 | ? > « ( £ ) V/»fo)|0) (3.2) 

we expand % 0 { j ) into a series of Dyson base func-
tionals 

(3.3) 

For the evaluation of the symmetrical matrix repre-
sentation it is necessary to perform genuine functio-
nal integration between the different base functio-
nals (3.1). This is posible only if we transform the 
base functionals into the standard form by a change 
in the source functions /„(<). Substituting the trans-
formation 

/«(*) = (3.4) 

in (3.1) and (3.3) where U^(tl — t2) is defined by 
SU^{x-t) Fßy(x — y) Uy8(y-t') dxdy 

= \Kö?>{t -t ' ) (3.5) 



we obtain the expansion 

Ü) - 1! x. ( ! ; : : £ ) d, ( f ; : : f ; ) . . (3.6) 

with the standard Dyson functionals of App. II 

e x p { - 15 hl ( f ) d f } 
and 

in (f;;; f;) = • J a - O • • v^. <.(„ - <„) 

( 3 - 8 ) 

Further one can show, that for the transformed Eq. 
(3.10) the conditions 1. and 2. of section 2 are also 
satisfied. So the transition to the standard form does 
not disturb the general solution programme. Of 
course the condition 3. is also still satisfied. 

Using the abbreviations of II section 5 the sym-
metrical version of the theory then is defined by the 
matrix representation 

I f 2 Z i 4 e W ) = 0 (k = I . . . 0 0 ) (3.13) 1=1 \i=l / 
with 

AL:- \dk(h)\[h„, it,) ShtM 

Al'- \dk(h) h ^ d , ( h ) Ah, 

where the symbol "dA" means the Friedrichs-Sha-
piro integral over h, discussed in App. I and App. II, 

The explicit construction of U^i^ — t^ c a n ke 
easily achieved by transforming (3.5) into momen-
tum space. We do not discuss this explicitly because 
we shall see later, that one is able to eliminate all 
Uaß in the final equations. 

Having transformed the state functionals we have 
to do the same procedure with the functional opera-
tors. This gives with (3.4) and the resulting relation 

the transformed Eq. (2.6) 

(3.10) 

(3.11) 

(3.12) 

the existence of which may be assumed. Applying 
the A-operators on di(h) in (3.14) the result can be 
expressed by a linear combination of the dr(h) 
again. Therefore for the evaluation of (3.14) we 
only have to calculate the Friedrichs-Shapiro inte-
gral between two arbitrary standard Dyson functio-
nals dn(h) and ds(h). According to App. I and 
App. II this calculation can be performed by intro-
ducing a second set of base functionals, the so-
called Hermitean base functionals Jn{h). They can 
be defined in terms of standard Dyson functionals 
by an expansion 

Jn(h)= 2Ankdk{h) (3.15) 
Ä = 0 

and dn(h)= 2BnkJk(h) (3.16) 
Ä = 0 

where the explicit expressions for Ank and Bnk are 
given in App. I and App. II. There is also discussed 
the orthonormality of these functionals, namely 

J Jn(h) Jm(A) dA = <5n> m . (3.17) 

\zkß, (hk) shh) öhf^hd*2%Ah) = jz$lm.ßt ( h . . d h • • *tMh) 
1 C 8 8 

~ 2 J zlßAhh) [h, (h) 6hßi(h) + öhßiih) hß, (^«MfeS^Ä) 

where the coefficient functions are defined by 

Z\ßAhh) SüßAih-S) d£ ön/> — Bn VßßAZ-k) d f , 

Zl ß, (h t2) : = J UßX (h - 1 ) Aaß Ußßl (| -12) , 
Zl.mßAh~*i)5 (h - caß Ußl} (t2 -1) Uß3l (t3 - i) Dyo Vß4l «4 -1) df. 

The condition of stationarity (1.6) is transformed into 
C d <5 
J Uaßl ( t - tx) — Vßtl (t2 -1) d< hßl (ti) fo^dti dt2 %Q(A) = -i(oe Z0(A). 



Then by substituting the expansion (3.16) into the 
scalar product between dn{h) and ds(h) we obtain 
the result 

min (r,s) 
J dr(h) ds(h) dh= 2 B r k B s k := grs 

k=o 
(3.18) 

also given in App. I and App. II, i. e. the standard 
Dyson base functionals are not orthogonal with re-
spect to integration over Hilbert space. Therefore 
it seems to be advantageous to use instead of the 
Dyson expansion (3.6) for %Q(h) an expansion with 
Hermitean functionals. Symbolically written this 
reads 

10(h)= Ir]n(Q)Jn(h) 
« = 1 

1 
Yn\ (3.19) 

and leads to the matrix representation of the func-
tional Eq. (3.10) 

0 (£ = 1 . . . oo) (3.20) 

with 

Ml: J Jk(h) dhftAh) d h M 

M%e: = j"/*(A) J hßl(t2) 

Ji(h) dh, 

8 
8hßl (ti) 

lke •= f h(h) n j i=i 8hßi(ti) 

Ji(h) dh, 

Ji(h) dh 

(3.21) 

Again the aplication of the h-operators on Ji(h) in 
(3.21) leads finally to a linear combination of the 
Jr(h) alone. Therefore the expressions (3.21) can 
explicitly be evaluated by the use of (3.17). This is 
discussed in detail in the following section and in 
App. III. In this section we are only interested in 
the basic features of these representations. First of 
all it can be seen, that the infinite representations, 
i. e. the exact Eqs. (3.13) and (3.20) are equi-
valent by means of a similarity transformation. Ob-
serving the invariance of %e(h) against special base 
expansions, we obtain from (3.15) and (3.16) 

oo . 
Xi(Q)= I AjkVk(e)^ (3.22) 

Ä=1 

and Vk(Q) = iBlVkl/AQ). i=l 
(3.23) 

Further we have by substituting (3.16) into (3.14) 

(3.24) 
l k 

Ake = 2 2 Bks Mir B Je r=1 s-1 

and by inserting (3.24) into (3.13) and observing 
(3.21) the equivalence of (3.13) and (3.20) is 
verified. Additionally due to the special structure 
of the transformations (3.15), (3.16) the equi-
valence of (3.20) and (3.13) is even valid for the 
truncated equations. According to I and II the ap-
proximations are defined by the sequence of trun-
cated equations 

2 2 ZiAii)xl(N) =0 (k = l..N) (3.25) i=i \ i=i 

respectively 

0 (k = l..N) (3.26) 

with Ar = 1 . . . oo, where the limit N to infinity gives 
bade the exact system (3.13) respectively (3.20). 
Then according to the special structure of the trans-
formation the relations (3.24) are still exactly valid 
for the truncated matrices A\i (k, I = 1... N) and 
Mil (k, 1=1... N) i. e. the polynomial degree of 
the truncation is a "good quantum number" against 
the transformation. Defining 

Vi(N)= 2 Bji Yj\ Xl(N) (3.27) 

the truncated systems (3.25), (3.26) are also equi-
valent. Therefore for pure theoretical discussions we 
are allowed to change from one representation to the 
other without loss of generality. For numerical cal-
culation one easily recognizes that the Hermitean 
representation is the more suitable one. This will 
be discussed in detail in the following section. 

4. The Hermitean Representation 

In this section we give the explicit form of the 
Hermitean representation (3.20). The matrix ele-
ments (3.21) are evaluated in detail in App. III. 
Defining 

Zßlß2 (*! t2) : = Zlßlß2 (tt t2) ±Z2ßlß2 (^ t2) (4.1) 

we obtain the system 



1 ( i Z^y^-VkMW. = , f z + 

+ „ I , ' ^ ( « I ß)+ r ( I S ) ] » t e : : £ ) + 2 , fö £ ) » - . fe:: S ) 

+ p M ' & ä l l l l ) ( 4 2 ) 

+ 3 p I23 d + t e . 7 / ) ] ® te:: £ I ) « 

+3 2 / [ * (I; fc * + Z ' t e ä I: I;)] » te:: £ I : Ä) + 3 2 / 2 3 te ä 1 5 > » - . ( £ : : Ä ) 

+ 2 / [ 3 ( « ; « j £ I ) + z % * £ * ) ] ( * • ; £ J ) « + 2 * ( * 5 £ £ ) » - ' ( £ : : = 0 • 

For the derivation of (4.2) use is made of the fact 
that we have 

j z > ( ~ ) d z = f z » ( | | | ; | ; ) d * - o (4.3) 

see App. III. It is interesting to note, that if we 
would have introduced a normal-ordering term in 
the fundamental Eq. (1.1) and would have used a 
correct functions s(t — t') instead of a ^-function in 
the defining expression (2.5) for the smearing out 
operator 5, all terms containing / ^ ( O ) would can-
cel. This is the same behaviour like in the Dyson re-
presentation. The regularization of the interaction 
term by normal-ordering therefore is a universal 

procedure which is not confined to the unsymmetri-
cal Dyson representation alone. 

As all Feynman integrals are to be calculated in 
momentum space, for the effective integration of 
(4.2) it is still necessary to perform a Fourier trans-
formation on (4.2). Denoting all Fourier transforms 
by a tilde, observing the definition of Uaß to be 

U a ß ( t~ t ' ) = J e - W - « ÜMP) dp (4.4) 

and introducing the new expansion functions 
by 

VI fe;; %) = UAIß, ( P l ) . . U<xjß} (PJ) o, ( £ • • FT) (4.5) 

we obtain from (4.2) the system 

i r n r n i I - g i - g i P i ..Pfc\dgidg8 t*'eietue»e4 3Uk+4\Ql Q2 Q3 Qtat..ak}( 2*r)2 

n / 9 - 9 , r/2 l / o p x . . pA 

, y m(Ph\ f n i a[Ph~Q 1 Ph • • Pik) + y A n, (Ph Pl*'' Pl*\ <"4. M 
+ M W W3J Qk+2 \QtQt Qz «fc ..*lkl2 % Q Qk U alt.. alk J ^ 
_L y JJ4 (pi 1 ) 0, (Ph Ph • • Pik) + y TJ5 [Ph Ph) 01(Ph+Ph Ph • • PXk) 

£ Wi /Q^k\9 *h • • <*ikJ \ai, ax2 Jei Q i ^ k \ 9i £>2 *h • • <*lk' 

4- y /76 (miP1LAn, 0 (Ph-'Pik) + 2 ff7(PhPhPh\n 0 (Ph+Ph+Ph ,PU • • PXk\ 
a.u) ' Ws • • (Iii.!.) tai *h <*hl Vk~2 \ 9 .. axkJ 

PX1 Ph Ph Ph) n, t (Ph • • Pik) = 0 

has been used as an abbreviation. Observing further 
that Uaß{p) is given by 

Ü«ß (p) Ußy(p) = fFay(p) (4.8) 

the coefficient functions follow by direct calcula-
tion. We have 

[Here the symbol ( ^ . . ^ A ) means summation over 
all combinations of i elements out of k elements in-
dependent of their sequence.] 
where the contraction operation 

if P \Pi-'Pk-s\. = A^[0.(p-^Pi"Pk-i\dt 
Uk\eiQi\*i ..Ok-i/' 2jtJ^k\9i 92*1--Zk-2J * 

(4.7) 



H1(q)eie* : = %AeieFee\ ( ? ) . 
H2qi 92 " = J — 2 BSl(!2] , 

( P i H O * + 3C t f l , ] 

- [ß/Jtf+ } (Pl) (Pl), 

/Pl P2 

X 2 

al a2 
a2 

: = sym Faiei ( p j (p2) 
1 , 2 

r 2 — Feil (Pl) ^ee«] » 

(£ S L i : - S Y M ^ ( P I ) « ( P S ) 

x [3 Cfi3Q +£"0^3] DUlfl,, 

' ' 8 (a! " a, ') s y m f l F ' i n (P l ) 2 C c i m A » e « • 
\ a j . • (Z4 / 1 , 2 , 3 , 4 f = l 

The symbol "sym" means symmetrization over the 
corresponding indices, and o2 = 3 / , 1 1 ( 0 ) . Equation 
(4.6) is the starting point of our integration theory 
for the symmetric representation given in the next 
section. 

5. General Solution Procedure 

The system (4.6) is a system of integral equa-
tions but not in the common sense. Irrespective of 
the fact that it is an infinite system, (4.6) contains 
"contracted" functions and a lot of "unbounded" 
variables, i. e. variables over which no integration 
has been carried out. The contracted functions are 
defined by (4.7). By direct inspection of (4.6) fol-
lows, that for the integration procedure of (4.6) 
one has no other possibility than to consider the 
contracted functions like new unknown func-
tions. Of course these functions are calculable. Ap-
plying the "contraction" operation (4.7) to the sys-
tem (4.6) one obtains a system for the ^-functions. 
But this system now contains doubly contracted Q-
functions etc. The necessary procedure for obtain-
ing a closed system of integral equations can be 
presented in a systematic way analogous to the un-
symmetrical case in II Sect. 7. We repeat this proce-
dure here, because we deal with spinorial functions. 
To perform it, we specialize to the case of state func-
tionals for stationary states of even parity. Then only 
even indices k = 2, 4 . . . do occur in (4.6). The 
case of odd parity can be treated in complete ana-
logy. Assuming now a completely symmetric set of 
Fourier-transformed spinorial expansion functions 
f2m of a state functional (5, we can define the fol-
lowing contraction operations and functions 

(Qt. • Qk Qk + 1 • • Q2m -k\ 
U . • Ak ! ak + 1 . • <*2 m -k) 

. _ 1 ( 7 —fl • • Qk-h £1 • • h Qk + l--Q2m-k\jt J£r 
(2 Tr) * J ' 2 w V <*i . . ak a,2m • • - & +1 <*Ä +1 • • &2m -kl 1 * ' k (5.1) 

with f2m = : fzm and A%= (a*, 02m_i + i ) . To apply the contraction operators Pj on the system (4.6) we write 
it in the following form 

[q —q Pi - .Pk\ d<? 

with 

5 C Ql 62 D Q3 £>4 
f 01 /<7l + ?2 - g i -ggPi d?l dg2 

\ £>2 es 9* <*!•• akl (2 31) 
k 

SH1(q)glQ2 Qk + 2 

r r2 pl / 0 Pi • • Pk\ i V m (Ph) f nl (PXl~ Q Q PX2 • • PXk\^ 
'r"elQ2^k+2\ei62 .. ak) ^ ^ Wi/eiezes J Ä+2 \ Qi Qz! 6s <=U2 • • *lk / 2 n 

4- V A n, (PhPlfPlk)^. S fji (Ph) n(PXiPX2--PXk) 

pk (PXi+Ph PX 3 • • PXk) • _ (Pi-- Pk) = A 
1 V 91 £>2 aX3 - - a-Xkl * W • • akj 

k 
2 H5 

(JlJW-1 
PXi PX2 
°-Xi ax2 / ei 52 

(Pi--Pk\_. y ueiPXtPxA (px3--
r * U . . ak) ~ • n Wi ) Us • • 

PXk 
°-Xk 

(5.2) 

(5.3) 

I V 111 (PXIPXZPXA (PXi+PX2 + PX3PXi . . PXk) I V JJ8 (PXi • • PX\ \ _ 
(iM) ' '2X1 a x 2 ' e ' S 2 X i '' a X k ' ^ ' ' 2 h •' ax*J ' a ; l 5 • • axK' 



Now we apply the contraction operators Pk..Pi (k = l..m) to the Eqs. (5.2) for even m. This results 
in the system of equations 

l r D f ok+1 (h + Qi 1--k \—Qi—Qt lm\ dg» d gg 
t^eieiue»et J ̂ 2m+4 V Ax.. Ak \ q3 qa Lk) (2n)* 

cm(„\ nk Iq —Q l"fc \ jm\ dq „2 nk+l I 0 1 .. k ,m\ 
J tl [q)eig2 V2m+2\gt giAl.. Ak | k J 2 ji + "eifn y2m+2 \9l ax .. Ak Lk ) 

kj (2JI)2 

k 
4- V «vm Ok fh ' -Pk f i f 2 iT 

^=1 J ' 2w+2 ' 02 Am2 ..AM!e,a 
i y m / M f „ * + i / ^ i - g 1 . . A ; g 7 m \ _ d £ . 

k 
4 _ y j fli f W i y „ V T T 1 j / / " i / m 

U • • ^ I k> + 1 X / w * •. AM> / ( 5 > 4 ) 

+ <2™ ' j H ' « « h U « • • 0 <V / 2 jr 
k JL y mMi \ pft / 1 7™ V ok ( f*i t*2'-t*k I i/n 

Är W)t U • • ^ ' <> j+ ^ Ä U« w ^ Wi 02 • • aJ lk 
k 

+ 
h 
V V wm f /75 /^ i - f M 0k im I \ df 
1e/? „£1 ' j ' «ii/eie« 2m V <?i • • ^ a„V 2 5T 

4 - V c v m ( Jjs(/*1-Eif P*-£t\ ok (Pi+Pt-Ei-S* Pt-'Pk I lk f x f 2 \ d M f « 
w.m-1^?.™' ^ /eiw 2m\ AM..Aßk Lm a ccU2'J (2 jr)2 

4- V 175^1 \ + 1..A; ! ,m \ k I l..k I jm\_ri 
n.Krff 2m V0102 At..Ak k, + rm V^ .. ^ j ~ u 

where we denoted for brevity 

p = : r I™ : = + i• (5.5) 

The details of its derivation are given in App. IV. It is remarkable that the system (5.4) is a closed system 
in the unknown functions 1 Q\m (m = 1 . . 00, k = 0 . . . m) because the Eqs. (5.4) become for k = m 

i r n f o m + 1 / t f i + 9 2 1 - - m - g i - q A d 9 i d < i 2 ueaei J U2m+4[giet Al..Am Q3 Qj (2*y2 
- ( nm (q —Q I • •m \\ . t/2 nm+l / 0 l .. m \\ 

J^ 10W U2m-2[Q2 Q^^.Aml) + ** ei(?2 U2m+2 At . . Am\) 

fh-5-V t*2.'/*m V f (5.6) 
01 02 ^ 2 • • A„m I 03 aM1'/ (2 sr)2 + I sym J Ä » ^ " 1 ) ^ + 2 f 

4- V cvm // 0m ft-^IU ? cvm 0W = 1 / ^2 • •/"m I / " i " ! I \ 

4- y HU ^ ) 0m P1 
'ei ^2 ^^2 • • 

4 - V « v m f o » » - l / ^ i + ^ z - f i - ^ I I i \ d f 1 8 

The last term r̂ n reads in a symbolic notation, the Therefore the system for thte contraction functions 
precise details of which being given in App. IV ,q2m (k = 0 . . . m) terminates with tQ2m and no higher 

contraction term occurs. So (5.4) can be used in-/ 1 • • m j\ _ V "y2 WV n" c o n t r a c t l o n t€ 

Ui . . A m \ ) - ^ ^ ^ ^ ' W stead of (5.2) '2m 



For the solution of the infinite system we now use 
approximate functionals 

V W : = J V2m(N) J2m(h) ~ 

= 2x ü^etmiN) h M y ^ j • (5-8) 

Formally the use of (5.8) can be defined by putting 
02a = 0 for a > N and then calculating £2...,02^ from 
the first N equations of (5.2). By our contraction 
procedure we transformed (5.2) into (5.4) and 
perform calculations with this system. From (5.1) 
follows in this case that ,{>2a = 0 for a > N and 
k = 0 ... ÖL. Therefore the truncation procedure for 
Eq. (5.4) is defined by putting ,0!« = 0 for a > 0 , 
k = 0 . . . a and then calculating £>|a for a = 1 . . .N 
and k = 0 . . . a from the corresponding Eqs. of 

2m 
(5.4). Multiplying (5.4) by ( 2 A a 1 the sixth 

term in (5.4) with ,02m becomes a diagonal term 
and we can write (5.4) in the symbolic form 

m+2 Ä- + 1 , , s 
e L = 2 2 1 : - : • ( 5 . 9 ) 

We obtain for the calculation of (5.8) the truncated 
system 

qL W = 2 2 HkLQl2n{N)(mkzlv 
n=m—2 l=k—4 

(5.10) 

Then we have to integrate (5.10) explicitly. This 
will be done for a simple example in detail in sec-
tion 7. Here we only want to sketch the general me-
thod. To do this it is not necessary to write down 
all indices explicitly. We rather use a shorthand 
notation. We define a subset of functions £>\m by 

R(*,ß):=QL{mkz O A : ; I ) ( 5 . 1 1 ) 

and for any operator Omn we define its projection 
on this subset by 

O K « : - o s . f t ? : ; : : : ! . . ) . (5.12) 

Now we start with the lowest possible equation of 
(5.10) for o® which reads 

Ql (AO = #1? g°2 (N) + gl (TV) + 2 Hll gl2k (N) . 
kl 

(5.13) 
Then the remaining equations of (5.10) read in the 
notation of (5.11) and (5.12) 

Rn(2,N) = H ( 2 , N ) Rn(2,N) + F(2,TV) (5.14) 

where F contains all terms with ^2 and 1O2 i- e. 

F(2, IV) = : 2o HU q\ (N) (mkZ20 

Then we construct the Green function for (5.14) 
namely 

G (2 , iV) : = [ l ( 2 , 7 V ) - H ( 2 , i V ) ] - 1 (5.16) 

and apply it to (5.14) obtaining so 

R jV(2, N) =G (2, N) F(2,N). (5.17) 

Explicitly (5.17) reads 

2 G^iN) IHÜ&(N). (5.18) 
n,l=l 3=0 

This inserted into (5.13) leads to an equation of the 
structure 

Q°2 {N)=s1 q°2 + S2qI (5.19) 

or by inversion 
Q% (N) = (1 - St) -1 S2 el (N) = : Q (N) el (N). 

(5.20) 

When we apply the contraction operation on (5.20) 
we have 

[l-QHN)]el(N)=0 (5.21) 

and after introduction of center of gravity coordi-
nates by 

Ql(q)= $Q°2(q-£J)d$ = c0d(q-(D) (5.22) 
we obtain an eigenvalue equation for the calculation 
of the approximate eigenvalue OJn corresponding to 
the approximate functional (5.8); 

Q1(N-,(ON)=1 (5.23) 

of course the main calculational problem is the con-
struction of G(2, TV). 

6. The Condition of Stationarity 

Stationary functionals are characterized by the 
condition (1.6) respectively (3.12). Therefore we 
have to demonstrate that the solution procedure 
sketched in the preceding section and leading to an 
eigenvalue equation does satisfy (3.12) i. e. that 
the eigenvalue co^ calculated according to section 5 
is the required one by the eigenvalue condition 
(3.12). To do this we first represent (3.12) by 
Hermite functionals. Using the Hermite expansion 
for the state functional (3.19), Eq. (3.12) can be 



written in our symbolic notation 

1 P k i i f { Q ) ^ = - i c o 0 y f { Q ) (6.1) 
/=l VL-

with 

Phi : = f lk(h) U,Sl («-«,) 'I V,i,« ((, - t) hPl {(,) 

• « ^ ( y A ^ ^ A W « . (6-2) 

Explicit evaluation gives according to App. III. 

Pki = 
k k ' (6.3) 
2 Sith-ti) d^t'ilJ daii d(tlt-ti) ;.,=i i= 2 

i. e. J0/,/ is a diagonal operator. Transforming (6.1) 
into Fourier space then it leads to the equation 

Transition to the ^-functions according to (4.5) 
finally results in the condition 

[ - » . « • & : : £ : ) • <6-5> 
It is the same condition like in the unsymmetrical 
case. Specializing on states of even parity, we may 
apply the contraction operation of section 5 on (6.5) 
and obtain in this way the conditions 
2m-k , N 

r y 71 m I n * / P i - ' P A P A + l . . P 8 m - A - \ 0 ( f . f . \ I Pi - °>ol 9-2m[Al.. Ak oik + i • • a2m — Jt / j 

So far Eqs. (6.1) to (6.6) are valid for the exact 
stationary state functionals. Assuming now an ap-
proximate functional (5.8), not only the dynamical 
Eqs. (5.5) have to be truncated, but also the Eq. 
(6.1) respectively (6.6). This gives for (6.1) 

i PkivHN) = I P k i v l m i=i Ft! 1=1 VL-
= -io)0rjk(N) (6.7) 

due to the diagonal structure of Pki • Therefore 
(3.12) has to be exactly valid for the approximate 
functionals too. Of course then Eqs. (6.6) have to 
be satisfied by the Q\m (N) also. Now the problem 
can be formulated as follows: According to section 5 
only gl and £>2 are properly chosen to satisfy (6.6) . 
If one calculates the higher ^-functions by the out-
lined procedure, do then all £)|m (AO satisfy (6.6) 
or not? 

According to II, section 8 all £>|m (N) satisfy (6.6) 
if Pki commutes with the operator of the dynamical 
equation. This is true according to condition 2. of 
section 2. i. e. the dynamical operator is just selected 
from the viewpoint of commutativity. Therefore our 
calculation programm of section 5 automatically 
leads to properly constructed functionals of statio-
nary states. For details we refer to II. 

7. Integration of an Approximate System 

The principles for the explicit integration of the 
truncated systems (5.6) are just the same as we 
have outlined in paper II section 9, where we de-
monstrated the method of integration for the sim-
plest cases of the q>2 and (p2 — 9?4-systems. The main 
feature is, that in the equation systems occur linear 
combinations of integral operators which only act 
partially on the whole ^-functions. And one has to 
construct the partial resolvents of these integral ope-
rator components. Therefrom one gets the total re-
solvent by an linear symmetric combination of the 
structure: 

R = l + lRi 
i 

the Ri being the partial resolvents of the partial in-
tegral operators Kx. 

But now, in the spinorial case, the whole proce-
dure is much more complicated than in the scalar 
one because each partial resolvent is a matrix resol-
vent. Moreover, the equations have more terms and 
additionally one has to construct inverse matrices 
by the same method. Thus we don't demonstrate 
the method of integration in detail for some appro-
priate system because it would not yield new aspects. 

However, we will calculate some eigenvalue for 
the simplest case of the ^-equation. This reads ac-
cording to (4.6) if we put £>3 = 0 

A - f t f r J + f l ' O f t f t f r ) - » . (7.1) 

Putting now 

ft ( 5 ) =Q\M d(Pi-co) = :QXld(Pl-co) (7.2) 

as a consequence of the translational condition (6.5), 
we have after integration over p t 

[Aaß + Htßico)] Qß = 0 . (7.3) 

In this simple case our problem turns out to be only 
an algebraic one, and we get from (7.3) the eigen-



value equation 
det | Aaß + H^ß (co) | = 0 . (7.4) 

Regarding the definition (4.9) of HA (%)ß, we mul-
tiply (7.3) from the left by Faß (co) and get the 
modified eigenvalue equation 

det | F~1 A + A F_1 + \cP\C + C1] - [B + Br]\ = 0. 
(7.5) 

This may be written 
det | F_1 A + A + c0 S [ = 0 (7.6) 

with c0 : = £a2 - 1 = |Fn (0) - 1 (7.7) 

and S : = (J J ) 

having substituted the definition (1.3) of the matri-
ces B and C in (7.5). As in paper II, App. V we 
then approximate the two-point function 

Faß(h-h) = (0\Ty;Ah)y>ß(t2)\0) 

by its first intermediate state and use the approxi-
mate /-sum rule 

1(0 | <7(0) [ 1)|2 2 co10= 1 (7.8) 

as well as the relation 
< l|p(« )|0)=£ö> 1 0 ( l|g ( l )|0) . (7.9) 

Then we have for the Fourier-transformed /riA-(p)app.: 

' • ( p w - b P i i r f c H5J ( 7 - 1 0 ) 

and its inverse 

^ ( P ) - I a p p . f 4 ! ° ? ) (7.11) 

as well as for c0 

c „ = K „ ( 0 ) - 1 = ^ - 1 . (7.12) 

With these approximate functions and the definition 
(1.3) of A we can immediately evaluate Eq. (7.6) 
resulting in 

d e t l F - M - M F ^ + CoSl (7.13) 
= — 4 co2 + (cofo + 1)2 — Co = 0 . 

Looking for a selfconsistent solution we have to put 
g>10 = <0 and get 

( c o i o - l ) 2 = c5 (7.14) 

and therefore 

co10 = j / j aa 0.9085 (7.15) 
10 W. SCHÜLER, Thesis, University of Tübingen 1967. 

whereas the exact value is given by ft)10 = 1.0871. 
It is remarkable that one gets the same value as in 
the Hermitean formulation of the ^-representation9. 
Moreover we see that we get in the Hermitean repre-
sentation in the lowest approximation an eigenvalue 
which is lower than the exact one, whereas the un-
symmetrical version results in a higher one. There 
we got 

co10= 1.1447. (7.16) 

A further comparison of the numerical values for 
the unsymmetrical and the Hermitean formulation 
of the ^-representation will be given in a later 
paper 10. 
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Appendix I 

In this part we discuss the scalar Hermite- and 
Dyson functionals and their integration. Hermite 
functionals have been introduced by Friedrichs and 
their integration by Friedrichs and Shapiro. Most 
of the formulae compiled here are given in 8, as well 
as in 11. 

First we give the definition of Hermitean poly-
nomials. Suppose to have a polynomial 

Pn (/') : = J P» (* 1 • • xn) j (»1) • • j («») dx i . . &xn 

(1.1) 

where pn(x1..x2) is a real symmetric function in 
all variables, and sufficient regular that the integral 
exists. The functions j(x) have to be elements of the 
real Hilbert space L2 ( — 00, + 00) i .e. 

T l / ( * ) | f d * < o o . 
—00 

Then the Hermitean Polynomial corresponding to 
(1.1) is defined by 

HPnU):=Pn(j--ij)-l ( L 2 ) 

= ( _ ) » e l j T W d x P n ( J L j e - h f ? W d x < 

11 K. SYMANZIK, Z. Naturforsch. 9 a, 809 [1954] , appendix. 



A useful description of (1.2) is also given by 

P n [ i - t j ) ' 1 = exP I - 2 1 W w d x 1 P n { j ) 

[ns rr 62 a i s C\ ( L 3 ) 

with ak : = ( - ) * / ( k ! 2 * ) . (1.4) 

Like in ordinary function space the Hermitean poly-
nomials are not integrable. This is only possible by 
introducing a weightfactor. This then leads to the 
definition of the Hermitean functionals 

JnU) : = P*U) e-lfiW. (1.5) 

They are square integrable and their integral over 
functional space leads to 

Umij) J n (.7) d/ = J Pn ( Z l . . Xn) d ^ i . . dxn (1.6) 

To obtain from (1.6) conventional orthogonality 
relations as one may expect for complete orthogonal 
expansion systems, the functions pn(^i • • xn) have to 
be specified further. They have to be constructed as 
complete orthogonal sets in ordinary function space. 

A special representation which does not lead to con-
tradictions is given by 

j n n 
pn(t1..tn;x1..xn) —P 2 7 7 «M*;.« 

(1.7) 

Then the numbers t^. .tn which are continuously 
variable play the role of index numbers like the 
wavevectors K for plane wave functions. The pos-
sibility of choosing a base system like (1.7) is in so 
far important and of special interest, as it allows 
immediately a Lorentz-invariant generalization, which 
finally is the aim of the entire formalism developped 
here. Naturally the Fourier transform of (1.7) is 
also a possible expansion system, but this does not 
lead to any new results. 

By (1.7) and (1.1) the special set of Polynomials 

Pn(h"tn;j) := j(h)..j(tn) (1.8) 

is defined, and the corresponding set of Hermite 
functionals is given by 

/ « ( * ! . . * « ; / ) : = yn^j(h) . . / ( O e-tfrw*. 
(1.9) 

They satisfy the orthogonality relations 
1 m m 

J Jn (h ..tn; j) Jm (< / . . 4 ; ; ) d; = 6nm ± P 2 1 7 & da, - *t'). (1.10) 

For the explicit evaluation of matrix elements the following recursion formulas are necessary 

j n 
j(t) Jn(h..tn;j) = Vn + lJn+1(t1..tnt;j) + -7= 2 <3 (t-tt) Jn-iih-t^ tl+1.. tn; j), (1.11) 

vn 1=1 

^ 1 1 n 
JT^ /„(«!.. tn; j) = -y^— 2 d(t-ti) Jn-lih • • k-1 <1 + 1 • • ; j) ~iVn +1 Jn+i(h • •tnt\1 j) . (1.12) 

They are proved by similar techniques like those used for ordinary Hermite functions. 
Now we turn to the Dyson functionals. The normalized Dyson functionals are defined by 

d»(h:*»;j) :=^\Pn(h..tn;i) e-ifrw*. (1.13) 

Observing the definition (1.3) we obtain the connection between the Dyson- and Hermite functionals by 
j n [«/2] k 

/«(<!..<„;;) = 2 2 «»& Ild(hlt-txti.J rf»-»^,..«,;/), (1.14) 
7 1 • a i . . a „ = l Ä = 0 1 = 1 

1 n [nl2] A 
dn{h--tn',}) = 2 2 bnkF[d(hlt -^„.J (1.15) ai..a„=lÄ=0 t=l 



The inversion formula (1.15) can be obtained by reversing Schmidt's orthogonalisation procedure. The con-
nection between both sets can be written as a similarity transformation given by 

n 

Jn(h • • *ni j) = 2 .M«r(*l • • tn; f i . . f r ) rfr(fl • • fr) • • df r , r=0 
Tl 

dn(h..tn-,j) = 2 SBnr(h..tn; Jr ( f l • • £r) <^1 • • df r (1.17) 
r=0 

j « Jn r 
with A„r(t! ..tr;it.. ir) : = an< {n _ r)/2 —r P 2 [J d(t?ii - [J d ( f a - f^) 

n- Ai...A„ = l f=|r+l 0=1 

1 Ä ' (I 18) 
Ä»r (< i . . « r ; f l - . f r ) : = 2 77 <5 (fc,, - JJ d (fa - . Ai...A„=l i=|r+l a=l 

Having for a functional X p ( / ) the expansion 
oo oo 

£ , ( / ) = 2 x»<U/ ) = 2 % / , ( / ) J . (1.19) 
n=l «=1 Vn-

the expansion coefficients are connected by the transposed matrices oo l 
Zrdl . . ir) = 2 J • • f i • • fr) • • «*) d^ . . dtk ,, , , Ä = 1 K«-

oo 
Zk(h..*k)toi..tok'Vri. (I.20) fc=l 

This is an essentially nonlocal connection. Especially the physically meaningful one-time limit of Xri^i.. £r) 
has no correspondence by the rjr(f1..fr) according to (1.20). 

Finally we evaluate the scalar product between two normalized Dyson functionals by means of the ex-
pansion (1.17). We obtain 

k n 
9kn — !dk(h'..tkfij) dn{tx.. tn; j) dj = 2 2 Bkr(t1'..tk';g1..gr)Bnl(tl..tn;g1'..£i')d£1..dgrdg1'..dg' r=1Z = 1 

X J / r ( f i . . f r ; / ) / i ( f i ' . . f i ' ; ; ) dj 

2 2 7 7 W - U 
fii.. — 1 a = l 

. <5(<L-1 - 4 ) -</Zr + 2 ) . .<5 ( * / / „ - , 

mini ft,n) 1 1 ^
 n T

 t ( 1 2 1 ) 

= 2 bk> (k-r)/2 bn, (w-r)/2 T7 „ 1 2 2 — 
r=0 n ' Xi..Xk=l w . . , i „=l«=l 

Appendix II elements of a Grassmann algebra 12. Observing the 
first definition (1.2) of the corresponding Hermite 

In this part we discuss the spinorial Hermite and polynomials, from a naive standpoint one would 
Dyson functionals and their integration. Form the seperate (II . l ) into two polynomials for jt and j2 

general requirement of a covariant spinor descrip- a n d a p p l y t h e n t h e definition operation (1.2). This 
tion it is necessary to formulate basic polynomials o f c o u r s e w o u i d be on the first glance a noncovariant 
in the form operation. Fortunately there exists besides of (1.2) 
Pn (j) : = I Pn b U (*i) • • h" M d^i • • dxn with (1.3) a completely covariant definition of the 

1 ' ' " ( I I I ) Hermitean polynomials which can be applied im-
mediately to ( II . l ) , giving 

with the "spinorial", for the anharmonic oscillator f 1 f 6* 
commuting source functions jt(x) and j2{x). In the H Pn{j) = exp j — 2 2 j ^ dx j Pn(/ ').(II.2) 
case of nonlinear spinortheory anticommuting func-
tions ji(x) have to be used, i.e. they have to be In the Fermion case one should have used instead of 

J2 

demic Press, New York 1966. "a J ^»W 
f «51 

12 F. A. BEREZIN, The Method of Second Quantization, Aca- Y I dx 
t J oja( 



the expression 

r 6 
J bjß{x)°^ dja 

cLr 

with the totally antisymmetric unit tensor oa ß . It can 
be shown that (II.2) is completely equivalent to the 
separated polynomials defined by j1 and j2 from 
( I I . l ) . Choosing the expansion functions pn to be 

J I ' f ' n . j) 1 _ _ / »\o 1 . . an ' ' ) ] /„(!) ! yn(2) ! (II.5) 

where we define 
n 

n(a) : = 2 <5a(,< 
i = l 

(a = 1 , 2 ) . (II.6) 

(t\ ' • tn; Xi ' • xn\ 
Pn \at.. an; ßt.. ßj 

It is easy to see, that one may define supervariables 
I = t, a , and obtains in this way 

(II.7) 

(II.3) 
j n n 

= „TP 2 n Ö(th-Xi) d^ ßi 

we obtain the special set of polynomials 

Pn{tl" tn) = ja - ja (*n) (H.4) description is completely equivalent to Ap-
1 - ' a " ' pendix I. Therefore all formulas of Appendix I are 

and the corresponding set of Hermite functionals is valid for supervariables. The n\ is then a shorthand 

Jn(h • - /) = H i . . jn; j) 

e x p { - i J f ( j ) dr 

given by notation for n ( l ) ! n ( 2 ) ! and is often used in our 

(II .8) 

paper, especially in Chapter 3. For completeness we state the orthonormality relation 
/ \ / ' ' \ 1 m m 

and the recurrence relations in the spinorial case: 

(II.9) 

In our paper we have used some modified definitions of the normalized Dyson and Hermite functionals, 
which are 

" M - d*> . a m i 
Therefore, in this case, the transformations formulas between dn and Jn corresponding to (1.17) and (1.18) 
of Appendix I are somewhat altered. The coefficients a'

n
, (n-*)/2 respectively 6

M
,(n-A;)/2 now read: 

in \'n! 
an,(n-k)/2 - : > |/n (i) I yn(2)' . . an, (n - k)!2 , (11.12) bn,(n-k)/2 = : — 

i* \/k{\) \ yk(2)\ 
i» Vk\ bn (n-k)!2 (11.13) 

Appendix III 

In this part we discuss the calculation of matrixelements in the Hermitean representation. It is advan-
tageous not to calculate the matrixelements itself, but already their projections on an arbitrary state func-
tion. The elementary matrix elements are 

«=1 2 < / * l M f ) i / „ > H \ g n = 9 k + , ( £ : : £ . ! ) + i ßl • • ßlt • • <*Xk ( III . l ) 

a n d i ! J ) - ( I I L 2 > 



following immediately from formulas (1.11) respectively the corresponding formulas for super indizes. 
Now any other matrixelement can be decomposed by introducing intermediate states. Consider for example 
the matrixelement 

1 < '* !**«•> s ^ i ' - » H * - X { h ] h ' - m < m - 3 > 
oo ^ y^y 

Defining now 2 Um I ^ I h) "T^f = : fm (III.4) 

then we have in the first step 

and in the second step 

y^i _ i L lh- - tm £2 'ml 
k I l i - l 

2 < / » I * * < « I / . > ^ t z r l 

f 2 ) &ßi,ßi9k ( £ : ; £ ) - 2 «5fa, - fx) <5 fa- « - 5 ( * ; ; £ * ) } . 
/ l — 1 J 

Analogously all other elements can be evaluated. 
From (III.6) follows easily the translational operator Pki of Section 6. First we have 

j VaßSt-h)^-tUß2l (t2-t) d t= ~ dpfo.A = : (III.7) 

with S [tt -t2) = - S (t2 - tj (III.8) 

i.e. S (0) = 0. Then the translational operator reads according to (6.2) 

iPki^m- I(h\fs(h-t2) <mi2|/,> (HI.9) 

Applying now formula (III.6) for the evaluation of (III.9) we have 

j s d i - £ 2 ) Vk+2 ( £ ; ; £ f f ) ^ - - J W i - 1 2 ) fe;; * I 1 1 2 ) d ^ 2 = o . ( i n . i o ) 

Further it follows 

2 2 [Sii-trf +S(tx-txi)]d^,0«.=0(111.11) 

because the bracket expressions vanishes. So we finally have 

J / w ^ X j s m (HI.12) 

transforming this into Fourier space the formula (6.4) results. 

Appendix IV 

In this part the contraction formula of Section 5 are discussed explicitly. We therefore define the set 
of variables I f : = « + * • • « « - * . (IV.l) ak + 1 • • 0i2m -k 

We then have especially for k = 0 the original set # : = £ [ [ J™ . (IV.2) 



Furthermore in all fomulas we substitute instead of qx simply X for abbreviation. Then by definition (5.1) 
the contraction for a symmetrical function S2m(^o) becomes 

with ^ : = , a 2 m _ + 1 : = a,-, a / . (IV.4) 

When we define the further set 
]m . _ iqk + 1 " Qk + h-1 Qk + Xi + i • • Qk + Xi-1 Qk + lii + 1-- Q2m-k\ J j . _ C I V 6 ) 
k,h--h' W + l • • aA + Ai-l a& + i1 + i .. aft + ii-1 «ft + Ai + l. • azm-kj ' 1" ' * ™"" V ' ' 

the formulas to be contracted can be written like 

where . . .Aj) is a symmetrical function in all arguments. In the dynamical equations i = l . . 4 occurs. 
It is convenient to define further the following expressions 

By this definition all operations of II, Appendix III can be overtaken for the spinorial case, with a slight 
modification: when variables of g and S are combined by integration one has to symmetrisize the spinor 
indices. For i = 1,2 the formulae now read 

k , ' - - . « 
2 JI ' 

k 

Pk .. Pt L\{m) = 1 } ( m ) + 2 = i ^ J , ( * " « ) s f c L J « £ 

p ^ . p ^ ( m ) = L i o » ) + 2 ( & ) s f c i . ( X r . : X ! I f ) <IV-9> 
k 

+ 
k 

+ 

dA 
2JT 
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